Abstract
INTRODUCTION
The addition of fiber to achieve improved tensile properties in brittle matrixes has received a great deal of attention in fibrous composite science and engineering in recent years. In cementitious composites, models have been constructed to study various tensile properties, including pseudo strain-hardening properties (e.g. Refs 1, 2) and fracture properties. 3-5 The influence of fibers on compressive strength, however, has not received as much attention. It is interesting to note that both increase and decrease of compressive strength with different fiber types have been experimentally observed. Even for the same material, there is mounting evidence that compressive strength may first rise, then drop, with increasing fiber volume fraction. These observations suggest that the addition of fibers in a cement composite leads to a competing process of strength improvement as well as degradation.
Strength improvement is a likely manifestation of increased resistance to microcrack sliding and extension, whereas strength degradation is a likely manifestation of increase in either pore or microcrack density, as a result of fiber addition. The pores may be related to insuffucient compaction and the additional microcracks may be related to touching fibers, (unbonded) fiber end cracks, poor fiber/matrix bonding, or poor adhesion between filaments within fiber bundles. Clearly, these defects are sensitive to fiber type, cement matrix type and the composite fabrication details (mixing, casting and curing processes, and chemical additive, age, etc.) It should be noted that much of the strengthening and degradation effects of fibers outlined above are of a speculative nature. Jakobsen, 6 however, did observe via thin-section microscopy that the hydrated cement paste adhering to polypropylene fibers has coarser microstructure with higher capillary porosity. Such weak zones introduced by fibers may act as the defects or damage from which macroscopic cracks may initiate under compressive loading. Micromechanical experiments are needed to establish the basic strengthening and weakening micromechanics of fibers. In this paper, we present a preliminary micromechanical model which captures the salient features of some of these concepts and relates them to experimentally observed compressive strength variations in fiberreinforced cementitious composites (FRCs). The present model is fundamentally based on well-known micromechanical models of compressive failure in brittle solids. 7-~° The influence of fibers on microcrack sliding and extension is based on crack bridging studies carried out in recent years. The model is kept as simple as possible in order to obtain closed-form solutions which elucidate the micromechanical parameters controlling the strengthening and the weakening mechanisms. It is found that, depending on the effectiveness and amount of fiber bridging, and the degree to which fibers introduce defects to the composite, both increase and decrease of compressive strength can be derived from increasing fiber content. Furthermore, it is identified that the fiber/matrix bond strength and a snubbing coefficient can lead to higher compressive strength for a given fiber type and aspect ratio and for a given composite fabrication process. There is a strong need to comprehend better how defects are generated for various fiber types, and how they can be reduced by various fabrication processes.
This paper aims at providing a basic framework which relates microstructures and micromechanisms to composite compressive strength. Detail aspects of this framework should be refined as our understanding of the fundamental micromechanisms of compressive failure is improved. Although fibers are used mainly in improving tensile properties, research results from the present study may be used for fiber type and content selection to minimize compressive strength degradation. While compressive strength gain is likely to be moderate under uniaxial compression loading, Yin et al. J a, ~ 5 suggested that much higher compressive strength gain is possible under biaxial loading conditions. For example, a 35% increase in biaxial strength is achieved with 2% of steel fibers, which typically gives only a uniaxial compressive strength increase of a few per cent. This +passive confinement" effect of fibers is the subject of a micromechanical study in a present research effort at the University of Michigan, building on the framework presented in this paper. Figure 1 shows compressive strengths of cementitious composites reinforced with various fiber types. The data have been normalized by the matrix compressive strength, i.e. at fiber volume fraction Vf= O. Table 1 contains information on the details of the fiber and matrix. It can be seen that there is no simple correlation between compressive strength and fiber content. For example, rapid strengthening up to more than twice the matrix compressive strength was achieved for the HM-50 FRC with high water/cement (w/c) ratio. In contrast, degradation was extensive in the Kevlar FRC. The other composites with various fiber types (steel, Dolanit, Krenit, and carbon) generally show an initial compressive strength rise, followed by decay, dropping in the case of Krenit (at 28 days) by as much as a factor of 2 at Vf = 2%. Peak compressive strength is reached typically at Vt=0"5-1%. The exception is the Dramix FRC. In the Dramix FRC, specially gapgraded cement with high microsilica content was used for the matrix, which was processed with high-frequency vibration. Continued compressive strength improvement was observed up to Vf = 12%. It should be clear that compressive strength variation with fiber content is not only a function of fiber type, but is dependent on other factors such as age (as reflected in the 7-and 28-days Krenit FRC data), w/c ratio (as reflected in the HM-50 FRC), particle grading, chemical admixtures and the composite fabrication process (as reflected in the Dramix FRC). However, within each data set used in Fig. 1 , these parameters are fixed. Vf(%) 
EXPERIMENTAL OBSERVATIONS
where Q is a dimensionless geometric correction factor close to unity. It is seen that the crack driving force K x increases with the crack length a, so that once K~ reaches Klc with increasing load o, the crack will be self-driven. Therefore, tensile cracks are inherently unstable. We consider that the load which leads to this instability is the tensile strength of the solid. Although the presence of other microcracks in the body can raise the stress intensity factor, as represented by the interaction factor a > 1, this crack-crack interaction is not necessary for the instability of the crack system. We now consider a microcrack length of 2a orientated at an angle fl (Fig. 2) in a brittle solid subjected to a uniaxial compressive load o. The compressive load generates a shear stress r which causes frictional sliding on the crack faces. The shear sliding in turn creates a singular stress field with tensile components on opposite quadrants, causing the initiation of tensile 'wing-cracks'. A simplified approximate expression for the stress intensity factor of straight wing-cracks of length l parallel to the loading axis for the most critical sliding crack with orientation r= 45 ° has been obtained by Horii & Nemat-Nasser, 3 and is given by:
~r ~2(l/a+0"27)
and ,u is a coefficient of friction against shear sliding of the crack faces. Figure 3 shows the stress intensity factor variation with wing-crack length using eqn (2) . The normalized crack driving force K.Icr,/(~a) drops rapidly as the wing-crack length (l/a) extends. This means that a wing-crack is inherently stable, requiring increasing load to continue its growth. Clearly, brittle solids do not have infinite compressive strength. What causes these wing-cracks to lose their stability is crack-crack interaction. In general, crack interaction raises the stress intensity factor and is a function of the crack density (i.e. how close the interacting cracks are to each other). Crack interaction, therefore, is critical in leading to a critical load in compression --the compressive strength of the solid with many microcracks. In many brittle solids, and specifically cementitious materials, microdefects are probably in the form of both microcracks and air voids. Sammis & Ashby '7 showed that stress concentration at these voids under compressive stress can lead to microcrack growth in the direction of the applied load. Again, although initially unstable, these void-induced microcracks are stable as their lengths increase. Indeed, Kemeny & Cook '° pointed out that the stress intensity factors in both wing-cracks and void-induced microcracks have very similar forms. This is illustrated in Fig. 3 , which also shows the crack driving force for a microcrack emanating from a void of radius R. Hence crack-crack interaction is necessary to lead to compression failure in brittle solids with void defects as well.
Our interest in compressive strength in the present work implies our intended focus on the stage when the wing-cracks have grown to the extent that interactions begin to take effect. The initial differences between sliding microcracks and air voids are therefore ignored, and the subsequent formulations are based solely on the expressions which govern wing-crack growth induced by sliding microcracks.
Crack interactions
The details of crack interactions in tensile loading, and particularly in compressive loading are at present not well understood. Under overall tensile loading, Huang & Li Is studied interactions between cement-aggregate interfacial cracks following a Fuller size distribution to obtain the a-value in eqn (1). Horii 19 assumed a uniform microcrack size distribution with spatially collinear arrangements in order to derive the tension softening curve of concrete. Similar assumptions are made by Bazant 2° and Ortiz 2~ in their analyses of microcrack coalescence and its implications to macroscopic tensile load instability.
Under overall compressive stress fields, Ashby & Hallam ' assumed crack interactions to be in the form of beam buckling. The beams are assumed to have been formed by subparallel growing wingcracks. A greatly idealized model, proposed by Kemeny & Cook, "~ treats the axial splitting failure phenomenon as a result of collinear crack interactions. This collinear crack interaction model will be adopted here for its simplicity in form, although the resulting compressive strength calculation should be regarded as a lower bound due to the stronger-than-expected interaction effect. Assuming that linear elastic fracture mechanics holds on the scale of microdefects and wingcracks, eqn (4) may be combined with the crack propagation condition KI=K m (5) where K m is the fracture toughness of the cementitious material without fibers, and inverted to calculate the compression load required to maintain the normalized crack length (l/a):
This solution is illustrated in Fig. 4 for four different initial damage levels (a/b). The compressive strength is given by the peak of these curves, and is shown to decrease with the amount of initial damage. It is interesting to note that for tensile pre-existing microcracks, so that the driving force for the wing-cracks would be diminished. A second positive influence of fibers is in the direct reduction of wing-crack growth rate due to wingcrack bridging, effectively producing a higher fracture toughness against which the wing-crack has to propagate. It is expected that the effect on sliding resistance dominates in the early stage when wing-cracks have not been formed, whereas both effects become important as wing-cracks grow and interactions between them subsume. Figure 5 shows a sliding mode II type crack bridged by fibers. Sliding resistance of the crack is provided by crack face friction, as before, and by the additional force needed to debond and pull the fibers out. If the bridging force is controlled solely by the fiber/matrix interface bond properties, then the case of sliding resistance is identical to that of a closing pressure exerted by bridging fibers against a mode I type crack opening. In this case, the bridging stress as a function of crack face sliding (or opening) has been derived by Li 13 in terms of the interface bond strength rf, fiber aspect ratio L f/df, and volume fraction Vf, and taking into account the randomness of fiber distribution and orientation with respect to the sliding crack plane:
Sliding resistance
In eqn (7) 6[-d/(Lf/2)] is the relative slippage between the two faces of a sliding crack normalized by half the fiber length; ~* is the normalized sliding magnitude at the maximum bridging stress, associated with the stage of fiber loading when debonding of the interface has been completed and just prior to full fiber slippage. For all practical purposes, and particularly for our interest in modeling the compressive strength of the composite when ¢5 > > 3", we may assume 6" to be zero. This assumption is likely to be more accurate for the stage when the wing-cracks have grown to such an extent that their interaction leads to loss of stability, i.e. when compressive failure is approached.
Additional bridging forces may be introduced due to the inclined orientation of the fiber to the sliding crack plane. This angle effect causes fibers to bend as the cracks slide (or open in the case of a mode I crack). The additional bridging force associated with fiber bending has been analyzed by Morton & Groves :3 for fibers which show elastic-plastic behavior, as in the case of steel fibers, for fibers which show elastic-brittle behavior, as in the case of SiC fibers and potentially some carbon fibers, 24 and for fibers which behave very flexibly, as in the case of most polymeric fibers.~2 In the interest of mathematical tractability, we adopt the flexible fiber assumption in the present work. We note that these assumptions will need to be modified for more specific fiber types, and for the situation when the compressive bearing pressure of a bending fiber on the matrix at the bridge site may cause local spalling of the cementitious matrix. 24-~s A more detailed compression model incorporating the fiber bending effect of Morton & Grove was studied by Huang. 26 Based on experimental evidence of single fiber pull-out test at pre-determined angles, Li et al.~2
found that the fiber bridging force P increases with inclination angle at a rate roughly described by the Euler friction pulley law:
e( o; qk ) = P( O;q)= O )d ~ (s)
where f is a snubbing coefficient specific to a fiber/matrix combination and has to be determined experimentally. When this so-called snubbing effect is included in the fiber bridging analysis, Li 13 found that eqn (7) is modified by a snubbing factor g defined in terms of the snubbing coefficient:
2 (1 +e xr/z) ( 
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Furthermore, if we linearize eqn (7) in 6, i.e. appropriately for 6< < L f~2, the fiber bridging stress becomes 1 rB(6)=~s~ for 6>0
())
where the reinforcement index s is defined as ll)
For typical values of f ranging from 0 to 1, g ranges from 1 to 2.3. Strictly speaking, the angle effect described in eqn (10) is correct only for the case of mode I type crack opening, since the ease of fiber page slip in mode II type crack sliding depends on the direction of sliding (Fig. 6) .
Because of the lack of experimental data from fiber pull-out tests in such sliding configurations, we assume for now that these differences from the mode I type behavior balance themselves out, and that eqn (10) may still be used. The magnitude of sliding may vary over the length of the sliding crack, but should become more uniform with increasing length of the wingcracks. For simplicity, we assume a uniform distribution governed by the maximum sliding of a crack of length a under shear load r. This leads to a sliding resistance due to fiber bridging which diminishes with the applied compressive load as the bridging fiber is pulled out:
2ao ]
rB =lsvf 1 -LfG(1-p)(1 -v ) (12) where G and v are the composite shear modulus and Poisson's ratio respectively. Note that eqn (12) probably underestimates the sliding magnitude since the presence of the wing-cracks would likely increase the compliance of the sliding microcrack. A better estimate may be to replace a in eqn (12) by Ashby & Hallam, 9 although the result is in a similar form as reflected in the second term in the square bracket of eqn (12) . The net shear stress acting on the sliding microcrack is therefore given by:
Resistance to wing-crack growth The wing-crack, like the sliding microcrack, will also be bridged by fibers. In this case, however, the wing-crack opening and the bridging action will be in mode I. Further, as the wing-crack grows, increasing numbers of bridging fibers will lead to an increase in crack closing pressure in an enlarging 'process zone'. This type of behavior is well known and is often described in terms of an R curve (resistance curve). The R curve denotes a rising fracture energy and its shape is determined by the composite tension-softening behavior, 27 and the geometry and loading configuration of the fracture specimen. 2~ A typical R curve for FRC is shown schematically in Fig. 7 . A bi-linearized version of the R curve is also shown where the linear segments meet at l--l*. From the numerical calculation of Li, 2~ a suitable value of l* appears to be approximately 20Lf. Because typical fiber lengths are around 5 mm or more, l* would be in the 100 mm range. This is definitely longer than the wing-crack length when the applied load reaches compressive strength. For this reason, only the first linear segment of the simplified R curve need be used. These considerations then lead to a total toughness against which the wing cracks have to propagate:
where E and G0 are the composite Young's modulus and the composite fracture energy respectively. Go is the plateau value of the R curve shown in Fig. 7 . In the case of FRC, Li 13 found that Go can be related to the fiber and interracial properties:
1

Go = stfVf (15) 12
Combining eqns (4), (12) , (13), (14) and (15) and enforcing the fracture criterion 
Assessment of fiber strengthening effect
We are now in a position to assess the positive influence of fibers on the load-bearing capacity as the wing-cracks grow [ Fig. 8(a) ]. In this figure, the initial damage magnitude is fixed (a/b= 0.1 ), and a family of curves is generated for various fiber volume fractions. (Other fixed parameters in this and subsequent calculations are 10--20;d=0.1; c = 800; K0 --0.0002; So --0.01. They are chosen to represent typical FRCs but can be adjusted for specific conditions.) Because a0 varies with Vf in the same manner as with s, this family of curves may also be interpreted as a result of the influence of the interfacial bond strength or fiber aspect ratio. Figure 8 sive strength is shown to increase by as much as 70% for Vf up to 2%.
WEAKENING EFFECT OF FIBER ADDITION
As pointed out earlier, experimental observations suggest that fibers are not always beneficial to compressive strength, especially when the fiber volume increases beyond a certain level. We now turn our attention to study the influence of damage introduction due to the presence of fibers on the compressive strength of FRC. A convenient way of introducing this fiber-induced damage concept is by making the initial microcrack density parameter a 0 dependent on the fiber volume fraction. There are at present no experimental data which can be used to describe this dependence. However, FRC compressive strength reduction appears to correlate with void ratio, TM as indicated in Fig. 9 . Conceptually, we can expect that the crack density may increase more than linearly with fiber addition, due to the rapid loss of workability. In the present work, we assume the simple function form
C18)
to replace the previous definition of a0 in eqn (17) . In eqn (18) , the fiber damage index k represents the damage influence of fiber, and is probably sensitive to the type of fiber used as well as the cementitious material in the fresh state. This parameter could also be significantly influenced by processing conditions. Unfortunately none of this information is at present available.
We are now in a position to study the damage effect of fibers. For the sake of clarity, we 'turn off' the beneficial effect by setting the reinforcement index s = 0 (so that c = So = 0)in eqn (17) . Figure  10 (a) shows a family of oo-I o plots for different k values. As expected, as k increases, crack-crack interaction becomes stronger and instability of the crack system occurs earlier at smaller wing-crack lengths. Simultaneously, the compressive strength drops. The decrease of compressive strength with fiber volume fraction at different k values is shown in Fig. 10(b) , which is not unlike the experimental data shown in Fig. 9 . The compressive strength can be reduced by more than 50% depending on k and Vf.
COMBINED STRENGTHENING AND WEAKENING EFFECT OF FIBER ADDITION
Equations (17) and (18) may be used to study the effect of fiber on compressive strength in FRCs, when microcrack sliding resistance, wing-crack growth resistance and damage introduction are operational at once, as is suggested by experimental data such as those shown in Fig. 1. In Fig.  11 , we show that the compresive strength may continue to rise even beyond 4% when the fiber damage index is small (e.g. k = 10), but rapidly drops beyond 0"1% when the fiber damage index is large (e.g. k= 100). Between these extremes, compressive strength is seen to rise initially with fiber volume fraction, and then to decrease with additional number of fibers. These predictions of fiber-induced compressive strength changes are in qualitative agreement with the experimental data shown in Fig. 1 .
FIBER/MATRIX INTERACTION AND FIBER
GEOMETRY EFFECT
It is interesting to note that while excessive amounts of fiber for a give 0 fabrication process can lead to compressive strength degradation, alteration of fiber/matrix interaction properties, or the fiber geometry, can lead to beneficial effects without the attendant introduction of damage. For example, it is conceivable that fiber/matrix bond strength or the snubbing factor could be increased without causing a rise in the initial amount of damage. This is in fact one of the assumptions behind eqn (17) , and we illustrate this idea with Fig. 12 , which shows the relationship between compressive strength a c and the reinforcement index s, at a fixed fiber volume fraction and fiber damage index (G=0.01 and k=25). Note that the reinforcement index s, as defined in eqn ( 11 ) , is directly proportional to g, rf and Lf/dr. Therefore variation in s may be interpreted as variation in any one of these parameters, with the others fixed. Figure 12 indicates a monotonic increase in the compressive strength with the s-value, suggesting the importance of these parameters in controlling the compressive strength in FRCs. However, it should be pointed out that the amount of initial damage may be expected to increase with fiber aspect ratio, even though this notion has not been incorporated in the present model.
FURTHER DISCUSSIONS AND
CONCLUSIONS
Although the microcrack sliding model of compressive strength in brittle material has been discussed [eqn. (6) ] in the context of uniaxial loading in the present paper, extensive studies ~-~(~ have shown that the compressive strength is very sensitive to confining stresses. That this is so can be seen in the sensitivity of the stress intensity factor of the wing-cracks to normal compressive load. This notion is in accord with experience in cementitious materials, for which confinements are general prescriptions to derive higher compressive load-bearing capacity. The present model of compressive strength for FRC shows that fibers can be exploited to increase the compressive strength and may therefore act as a passive confining pressure. This passive confinement idea was first proposed by Yin et al. R4't5 who discovered this beneficial effect of fiber in a series of biaxial steel FRC tests.
The positive effect of fibers on the elastic modulus of composites has received extensive attention (e.g. Refs 31, 32) . However, it is also well known, at least for some cementitious composites, that fiber can degrade the composite modulus to below that of the matrix modulus (e.g. Ref. 33) . It is likely that fibers would induce competing processes of modulus improvement and degradation in cementitious composites, in the same manher that they influence compressive strength. In fact, many of the basic elements of the present work could be applied to analyze FRC elastic modulus, and this is the focus of some ongoing work at the University of Michigan.
The present work represents a preliminary look at how fibers in FRC contribute or degrade composite mechanical properties. Many simplifying assumptions are made in an attempt to maintain mathematical tractability. In the process, however, only general qualitative trends are suggested. Quantitative predictions should be based on more accurate, albeit more complicated, models. Even so, the results based on the present model appear to capture much of what has been experimentally observed in compressive strength change due to fiber addition. The present work lays the basis for more sophisticated models, which can be extended to include the effect of multiaxial loading, and which can be used to analyze both compressive strength and elastic modulus of the composite. A better understanding of compressive strength and elastic modulus degradation requires the characterization of defects generated by fibers in a given matrix and fabrication process. Together with improved micromechanical models, it should enhance composite properties via microstructural control.
